In the ultra-strong coupling regime of a light-matter system, the ground state exhibits non-trivial entanglement between the atom and photons. For the purposes of exploring the measurement and control of this ground state, here we analyze the dynamics of such an ultra-strongly-coupled system interacting with a driven nonlinear resonator acting as a measurement apparatus. Interestingly, although the coupling between the atom and the nonlinear resonator is much smaller than the typical energy scales of the ultra-strongly-coupled system, we show that we can generate a strong correlation between the nonlinear resonator and the light-matter system. A subsequent coarsegrained measurement on the nonlinear resonator significantly affects the light-matter system, and the phase of the light changes depending on the measurement results. Also, we investigate the conditions for when the nonlinear resonator can be entangled with the ultra-strongly coupled system, which is the mechanism that allows us to project the ground state of the ultra-strongly coupled system into a non-energy eigenstate.
In the ultra-strong coupling regime of a light-matter system, the ground state exhibits non-trivial entanglement between the atom and photons. For the purposes of exploring the measurement and control of this ground state, here we analyze the dynamics of such an ultra-strongly-coupled system interacting with a driven nonlinear resonator acting as a measurement apparatus. Interestingly, although the coupling between the atom and the nonlinear resonator is much smaller than the typical energy scales of the ultra-strongly-coupled system, we show that we can generate a strong correlation between the nonlinear resonator and the light-matter system. A subsequent coarsegrained measurement on the nonlinear resonator significantly affects the light-matter system, and the phase of the light changes depending on the measurement results. Also, we investigate the conditions for when the nonlinear resonator can be entangled with the ultra-strongly coupled system, which is the mechanism that allows us to project the ground state of the ultra-strongly coupled system into a non-energy eigenstate.
PACS numbers:
The hybridization of light and matter is one of the core topics in quantum physics, and has been the focus of many theoretical and experimental efforts [1-3, 5? -7] . In this context, it is expected that if the coupling strength between light and matter becomes extremely strong, so that it surpasses the light resonance frequency, it is predicted that a new ground state will emerge [8] [9] [10] [11] . This regime, called the deep-strong coupling regime, contains a range of unique phenomena, such as large groundstate entanglement [8] , a long-lived effective qubit memory [12, 13] , and quantum phase transitions [14] .
This regime was recently experimentally demonstrated [15] [16] [17] . However, a remaining challenge in this regime regards the implementation of arbitrary measurement and control of the hybridized system. Measurements of ultra-strongly-coupled systems so far have mostly focused on extraction of photons from the ground state, via modulation of some system parameter [18] (akin to approaches used to observe the dynamical Casimir effect [19] [20] [21] [22] [23] ), or transitions out of the ground-state itself [24, 25] . Proposals for QND measurements of the groundstate with minimal backaction have also recently been explored theoretically [26, 27] . Projective measurements in an arbitrary basis would significantly broaden the possibilities of controlling these highly quantum states.
Since the ground state of the ultra-strongly-coupled system contains virtual photons, we can also in principle extract the virtual photons if the state is projected into a non-energy eigenbasis state. In this case, a correlation between the phase of the extracted photons and the measurement results occurs, which cannot be observed by unitary operations. Moreover, non-eigenbasis measurements on a ground state of a ultra-strongly-coupled system could potentially be used to induce an optical cat state, which is itself a resource for quantum information processing [12, 13] . Given these potential benefits, it is important to investigate the interaction between an ultra-strongly-coupled system and a measurement apparatus capable of realizing non-eigenbasis measurements [28] [29] [30] . Although there are several previous works studying the quantum properties of the ground state in an ultra-strongly coupled system [8] [9] [10] [11] , here we focus on how to perform non-energy eigenbasis measurements on the ground state of such a system.
In this paper, we analyze the dynamics of an ultrastrongly coupled system interacting with a measurement apparatus. Although there are some theoretical proposals to use a detector that continuously monitors the system [29] , we consider a binary-outcome measurement after the interaction with the target qubit, which is considered to induce a strong correlation with the target qubit [31, 32] . While linear resonators have been used as a standard method for quantum measurement in cavity quantum electrodynamics and circuit quantum electrodynamics, in some cases a nonlinearity has been employed to improve qubit readout [31, [33] [34] [35] [36] [37] . Due to the bifurcation effect, the state of the nonlinear resonator becomes highly sensitive to the state of the matter qubit, which enables one to implement a high-visibility readout.
Here, with both full numerical modeling and a lowenergy approximation, we investigate how the driven nonlinear resonator interacts with the ultra-stronglycoupled system. Surprisingly, although the coupling between the nonlinear measurement device and the ultrastrongly-coupled system is almost negligible, we show that the dynamic evolution can induce a strong correlation between them. Moreover, we evaluate how much entanglement and quantum discord is generated between system and measurement device during this evolution.
The remainder of this paper is organized as follows. First, we introduce the ultra-strongly-coupled system and its ground state. Second, we discuss the interaction between the nonlinear resonator and the ultra-stronglycoupled system, and we introduce a coarse-graining measurement of the nonlinear resonator itself. Third, we present numerical results to show how a strong correlation arises, even in a parameter regime where the coupling strength may be incorrectly considered to be negligible. Fourth, we show that, as the effective energy of the ultra-strongly-coupled system decreases, the entanglement between the ultra-strongly coupled system and the nonlinear resonator-increases. Finally, we examine the quantum discord between the ultra-strongly coupled system and the nonlinear resonator.
I. ULTRA-STRONG COUPLING BETWEEN LIGHT AND MATTER
The Hamiltonian of light in a single-mode cavity ultrastrongly-coupled to matter (where the matter is well described by a two-level system) is, in its simplest form, given by the Rabi model [38] 
whereâ (â † ) is an annihilation (creation) operator for the single-mode cavity/resonator, ω q (ω r ) denotes the qubit (resonator) frequency, and g is the coupling strength between resonator (light) and qubit (matter).
It is worth mentioning that, when the matter is in the form of a superconducting flux qubit, as in the recent ultra-strong coupling experiment in [15] ,σ z = |L L| − |R R| is diagonal in the persistent-current basis of L and R of the superconducting flux qubit.
Throughout this paper we assume that the qubit frequency is much smaller than the resonator frequency, allowing us later to use an adiabatic approximation. In this case, in the limit ω q → 0, we can approximately write the ground state of this system as [8, 9, 11] 
where
is the ratio of the coupling strength and resonator energy.
As an example, using parameters close to those used in [15] , we plot the Q function of the reduced density matrix of |G where the atom is traced out in Fig.1 . The definition of the Q function for a stateρ is Q(β) = 1 π β|ρ |β , where |β is a coherent state for a complex number β.We plot the real part of the β in the x axis while we plot the imaginary part of the β in the y axis. It is worth mentioning that, if we can realize a projective measurement in the basis of
(|R −|L ) on this ground state, we can create an optical cat state,
(|α + |−α ), in the cavity. 
II. USING A NONLINEAR RESONATOR AS A MEASUREMENT DEVICE
Here, as a measurement apparatus, we consider a driven nonlinear resonator dispersively coupled to the qubit. It is well understood that a nonlinear resonator can exhibit a bistability [39] [40] [41] [42] [43] , which makes such a device sensitive to small changes in external fields. In addition, the nonlinearity induces a rapid change in the photon number under driving [40] , compared to the linear case. When used as a measurement device the fast evolution and the sensitivity of the steady-state to weak fields results in a strong and fast correlation of the nonlinear resonator state with the qubit being measured, potentially giving a means to implement a rapid projective measurement. One should note that typically the state of the nonlinear resonator is itself measured by standard homodyne techniques [38] , and this measurement provides the information about the qubit state.
It is worth mentioning that there are some theoretical proposals to treat such a measurement device as a two level system when the measurement outcomes are binary [28] . However, since such a simplification cannot quantify the strength of the correlation between the target qubit and measurement appratus during the measurement process, we need to model the measurement apparatus with a proper Hamiltonian as we will describe below.
The total system, composed of the ultra-stronglycoupled light-matter system, and the nonlinear resonator measurement device, can be described by the Hamiltonian [8, 10, 11, [40] [41] [42] [43] H tot =Ĥ Rabi +Ĥ nr +Ĥ int (4)
whereb is an annihilation operator of the nonlinear sys-tem, δ denotes the detuning between the nonlinear resonator energy and driving frequency, χ denotes the nonlinearity strength, and f denotes the driving strength of the nonlinear resonator. In addition, J is the coupling between the qubit and the nonlinear resonator. In order to include the loss of photons from the nonlinear resonator, we adopt the following Lindblad master equation, valid when the coupling between nonlinear resonator and its environment is weak, and when the coupling J between nonlinear resonator and qubit is weak [40] [41] [42] [43] 
where κ denotes the photon leakage rate from the nonlinear cavity. The potential losses from the ultra-strongly coupling system are described later.
A. Coarse-graining of the measurement outcome
After the qubit and the measurement apparatus have interacted for some time, we need to implement a measurement on the measurement apparatus itself. Ideally, one could apply a projection operatorP x = |x x| on the nonlinear resonator, where |x is an eigenvector of the quadrature operatorx = (b+b † )/2. However, due to imperfections in the measurement setup, one cannot resolve arbitrarily small differences in the state of the resonator. Normally, to describe more realistically the measurement process, one takes this into account by considering the integrated signal-to-noise [44] , where the noise can include contributions from vacuum fluctuations and noise in the measurement apparatus itself. Here, instead we employ a "coarse graining" approximation described by the following operator
where σ is the width of the error of the measurement process, and the post-measurement state is described bŷ E xρÊx /Tr[Ê xρÊx ]. This approach allows to us to consider the transition from small to large noise situations without being specific about the source of the noise. Correlations between the nonlinear resonator and the qubit should occur after they have interacted for some time, and, for the parameter regime we use in this work, typically the nonlinear resonator state with x ≥ 0 (x < 0) corresponds to an outcome where the qubit was initially in its excited (ground) state. We can describe the post measurement state of the ultra-strongly-coupled (USC) system aŝ
where erfc is the complementary error function and N and N ′ are normalization factors. In the limit when σ → +∞, we obtainρ x≥0 =ρ x<0 ∝ ∞ −∞ dx x|ρ |x . In this case, the measurement results do not contain any information of the post-measurement state of the qubit. On the other hand, we obtain
in the limit σ → 0, which corresponds to an ideal projective measurement that can perfectly distinguish x ≥ 0 or x < 0.
B. Ultra-strongly coupled system losses
We must also consider the coupling between the cavity component of the ultra-strongly-coupled system and its environment. This allows us to evaluate properties of the photons leaking out from the system after the measurement on the nonlinear resonator. The interaction Hamiltonian between the system and the environment can be described as [44] 
, whereĉ(ω) denotes a boson annihilation operator for the environment (e.g., an open transmission line). When we move to the Heisenberg picture, defined by the HamiltonianĤ Rabi , the operator (â +â † ) becomes time dependent. We can define (â +â † )(t) =X + +X − , whereX + (X − ) denotes the positive (negative) frequency component [45] [46] [47] . With a rotating wave approximation, we havê
By using a Markov approximation κ(ω) = γ/2π with the standard input-output formalism [44] , we obtain
whereĉ out (ĉ in ) denotes an output (input) operator. This means that the photons leaking from the USC system into the transmission line are described by the operatorŝ X + andX − . We use these definitions to describe the potentially observable real photons in the USC system. However, in the simulations we perform, we assume that the decay time of the USC system is longer than all other time scales that we consider, and so we only explicitly take into account the decay of the nonlinear measurement apparatus.
III. FULL DYNAMICS OF THE USC SYSTEM AND NONLINEAR MEASUREMENT DEVICE
Using the parameters from [15] , we numerically [48, 49] solve Eq. (7), with the USC system in the initial state |G , and we consider the post-measurement state of the USC system after the coarse-graining measurement on the nonlinear resonator is performed at the time t = 500 ns. In Fig. (2) , we show how the Q function of the resonator of the USC system depends on the coarse-graining value. One immediately sees a change in the state of the USC resonator when the measurement becomes weaker (corresponding to an increase of the coarse-graining values of σ).
In Figs. 3 and 4 we plot the post-measurement observable photons in the USC cavity,x ′ = (X + +X − )/2 and the state of the qubitσ z = |L L| − |R R|, for ρ x≥0 andρ x<0 . For comparison, we consider both a linear resonator (χ = 0) and a nonlinear resonator (χ = 0) as the measurement devices. In addition, in Fig. 5 , we show the average photon number inside the measurement resonator, also for the case of a nonlinear and a linear device. In all figures, for the nonlinear measurement resonator, when we set the coarse-graining value as σ = 10, the post-measurement state of the USC cavity and qubit changes significantly, depending on the measurement outcome, and so we observe a clear measurement backaction on the ultra-strongly coupled system. Interestingly, in these examples, we set the coupling strength J as approximately 300 times smaller than the qubit energy. On the other hand, for a linear resonator, the effect of the measurement backaction is negligible in this regime, and the post-measurement state is almost independent of the measurement results.
A. Low-energy two-level approximation
To give an intuitive explanation for why the nonlinear resonator can become strongly correlated with the USC system, even when the coupling strength is much smaller than the qubit energy, we introduce a two-level system approximation for the USC system. In our simulations, the initial state is |G , and the interaction Hamiltonian (|R |α + |L |−α ). Since the transition matrix elements of the interaction Hamiltonian to the other excited states are negligible, we can approximate the low-energy states of the ultra-strongly coupled system as a two-level system. In this case,Ĥ Rabi andĤ int can be written aŝ
where In Fig. 6 , we plot σ ′ x corresponding toρ x≥0 andρ x<0 , with this two-level system The Q function of the reduced density matrix of the resonator ultra-strongly-coupled to the qubit after the coarse graining-measurement. We consider in (a) a projection into x < 0 at a time t = 500 ns for σ = 0.5, and (b) the same projection for σ = 50. Also, we show in (c) a projection into x ≥ 0 at a time t = 500 ns for σ = 0.5 and (d) the same projection for σ = 50. For comparison, we plot in (e) the Q function at the time t = 500 ns just before the measurement of the nonlinear resonator is implemented. These examples confirm that, as we increase the value of σ, the change of the Q function induced by the measurement becomes smaller. We set t = 500 ns, ωq = 2π×0.299 GHz, g = 2π × 4.920 GHz, ωr = 2π × 6.336 GHz, κ = 2π × 2.375 MHz, δ = 2π × 5.698 MHz, χ = 2π × 80.735 kHz, f = 2π × 22.792 MHz, and J = 2π × 949.8 kHz.
approximation. To check the validity of this simplified model, we plotσ ′ x with this model in Fig. 6 . These results show an excellent agreement with the results in Fig.4(a) based on the full Hamiltonian defined by Eq.(3)-(5).
With this two-level system approximation, we can show that the large correlation between the nonlinear resonator and the ultra-strongly-coupled system originates from the combination of an AC Stark shift and an adiabatic transition. It is easy to see that the large number of photons in the nonlinear resonator induces an energy shift (AC Stark shift) of the USC two-level system. Since
FIG. 3: (Color online) x
′ after the coarse-graining measurement that projects the state intoρ x≥0 orρx<0 depending on the measurement results. We plot the x ′ in (a) with the nonlinear resonator and (b) with the linear resonator as the measurement apparatus. Here, we set the coarse-graining value as σ = 5. For the other parameters, we use the same as those in Fig.2. the photon number of the high-amplitude state is different from that of the low-amplitude state, the size of the AC Stark shift strongly depends on the state of the nonlinear resonator. As long as the timescale of the change in the nonlinear resonator photons is much smaller than 1/ω eff , the state of the two-level system remains in a ground state of the following effective Hamiltonian
where b †b H ( b †b L ) is the average photon number of the high (low) amplitude state.
We expect that, when the nonlinear measurement resonator becomes a mixed state of the low-and highamplitude states, the AC Stark shift (whose amplitude depends on the nonlinear resonator state) induces an adiabatic change of the ground state of the two-level system. This leads to the large correlation between USC system and measurement resonator. To show the validity of this interpretation, we analytically calculate the σ ′ z(x) of the ground state of the Hamiltonian in Eq. (19) where we substitute the numerically calculated photon numbers of the high (low) amplitude state for b †b H ( b †b L ). In Fig. 7 , we compare these results with the numerical sim- ulations [48, 49] where the master equation with the simplified Hamiltonian is solved. There is a good agreement between these two results, leading us to conclude that the correlation between the two-level system and the nonlinear resonator is induced by the described adiabatic changes due to the AC Stark shift, whose amplitude depends on the nonlinear resonator state [53] .
B. Comparison to QND limit
To compare our non-energy eigenbasis measurements with a ideal quantum non-demoliton (QND) measurements, we study the behavior of the the Q function of the nonlinear resonator, as shown in Fig. 8 . Here, we consider the following four cases; (a) a non-energy eigenbasis measurement with the full Hamiltonian described in Eq. (4), (b) a non-energy eigenbasis measurement with the two-level system approximation described by the Eq. 19, (c) quantum non-demoliton measurements for the full Hamiltonian described in Eq. (4) in the limit ω q = 0 (which makes the measurement satisfy the QND condition [Ĥ Rabi ,Ĥ int ] = 0), and (d) null measurements with J = 0.
First, we again confirm that the two-level system approximation (b) compares well to the full Hamiltonian case (a). Moreover, we observe a clear difference between our non-energy eigenbasis measurements and measurements in the QND limit (c). In particular, the probability to obtain the high-amplitude state in the the nonlinear resonator becomes much larger for QND measurements than that for the the non-energy eigenbasis measurement case.
Second, a naive application of the rotating-wave approximation to the system and measurement device coupling term, for the non-energy eigenbasis measurement case, suggests the influence of system and measurement apparatus on each other should be entirely negligible. Of course, there is a clear difference between the case with a finite J and the case without J, because such an approximation should also take into account the norm of the operator in the interaction term, which for the driven nonlinear resonator can be large. The figures show that, roughly speaking, the probability to obtain the high-amplitude state of the resonator for the nonenergy eigenbasis measurements lies between the case of the QND measurements and null measurements. Also, we increase the ratio J/ω q to check how the effect of the AC Stark shift will change. In Fig. 9(a) , we plot σ
, and the Q function at t = 500 nm where the effective energy ω eff is 10% that used in Fig.4 . From the Fig. 9(a) , the system converges into an eigenstate ofσ ′ x after the interaction, regardless of the measurement results of the nonlinear resonator. This can be understood by considering that the AC Stark effect J b †b H(L) becomes much larger than the effective energy ω eff so that the state of the ultra-strongly-coupled system becomes an eigenstate ofσ ′ x for both the high amplitude state and low amplitude state. Furthermore, it is worth mentioning that, from Fig. 9(b) , the nonlinear resonator before the measurement almost becomes a highamplitude state. For an ideal quantum projective measurements on the ground state of the ultra-strongly coupled system, the population in the low-amplitude state should be the same as that of the high-amplitude state, and so this result shows that the effective energy ω eff is still too large to realize a full projective measurement in the persistent current basis. We also consider a case when the effective energy ω eff is 1% of that used in Fig. 4 . In that case, σ z ρx<0 becomes much larger than σ z ρ x≥0 , and this cannot be explained just by the AC Stark shift. Moreover, from Fig. 9(c) , the population of the high-amplitude state becomes comparable with that of the low-amplitude state. Therefore, in this regime, we realize a strong projection of the ground state of the ultra-strongly-coupled system in the nonenergy eigenbasis.
IV. NEGATIVITY
As a criteria of entanglement, and to understand how correlations between nonlinear resonator and USC system develop, we consider the negativity. Suppose there is a Hilbert space of two systems, H A ⊗ H B with a statê ρ AB . The definition of negativity is
here,ρ TA is the partial transpose of the stateρ AB taken over a subsystem A, and ||X|| = Tr X †X is the trace norm [50] . In our case, the subsystem A corresponds to the two-level system approximation of the USC system, and B to the nonlinear resonator. In Fig. 10 we plot the negativity to quantify the entanglement between the ultra-strongly-coupled system and the nonlinear resonator. As we increase the ratio J/ω q , the negativity also increases. These results show that a reasonably large entanglement between the ultra-strongly-coupled system and the nonlinear resonator is generated in the regime where we realize a projective measurement on the nonenergy eigenbasis. However, due to the decoherence of the nonlinear resonator, the entanglement quickly degrades, and a classical correlation remains in these systems just before the measurement on the nonlinear resonator.
V. QUANTUM DISCORD
Finally, to elucidate the previous results further, we consider the quantum discord (QD), which is defined as follows. Two possible definitions of the mutual information of the stateρ AB
where S(ρ) is a von Neumann entropy for a stateρ,ρ A(B) is a reduced density operator for H A(B) , and S(ρ B |ρ A ) is a quantum generalization of a conditional entropy. In the purely classical case, one can show that these two definitions of the mutual information are equivalent. However, in the nonclassical case, these definitions do not necessarily coincide. Also, J A (ρ AB ) is dependent on the measurement basisM A for H A . Therefore, QD is defined as
k is a projector when the result is k), and QD is basis independent and reflects only nonclassical correlation [51, 52] . In our case, system A corresponds to the approximated two level system and system B the nonlinear resonator. We set the measurement basis on the approximated two level system as {|ϕ 1 ϕ 2 | , |ϕ 2 ϕ 2 |}, |ϕ 1 = cos(θ/2) |g + e iφ sin(θ/2) |e , |ϕ 1 = sin(θ/2) |g − e iφ cos(θ/2) |e (0 ≤ θ ≤ π, 0 ≤ φ < 2π) where |e and |g is the eigenstate of σ ′ x and find (θ, φ) which realizes minM A S(ρ B|{M A } ). We plot QD in Fig. 11 . Interestingly, in contrast to the negativity, QD, at t = 500 ns, becomes larger as J/ω q is decreased. This can be explained in the following way: if J/ω q is sufficiently large, the state becomes a highly entangled state well approximated by the form 1 √ 2 (|e |Low − |g |High ), (25) which decays, due the measurement of the nonlinear cavity, to the mixturê ρ f = 1 2 (|e e| ⊗ |Low Low| + |g g| ⊗ |High High|),
where |High and |Low are high and low amplitude states of the nonlinear resonator. Since |e and |g are orthogonal to each other,ρ f is a classically correlated state without any superposition, implying vanishing QD. On the other hand, when J/ω q is small, the dynamics can be explained by an AC Stark shift and the state can be expressed aŝ
where p L(H) is the probability that the nonlinear resonator is in the low (or high) amplitude state. The state |ψ H(L) is the ground state ofĤ eff . Here, |ψ H and |ψ L are not always orthogonal to each other, and as such the correlation in the mixture of the two could have a nonclassical nature. Hence, the QD, in the long-time limit, tends to have a finite value when J/ω q is small.
VI. CONCLUSIONS
In conclusion, we investigated quantum measurements in the ultra-strong-coupling regime of a light-matter system. In particular, we showed how the ground state of an ultra-strongly-coupled system can be measured by a nonlinear resonator. Interestingly, we found that, even if the coupling strength with the measurement device is two orders of magnitude smaller than the typical energy scale of the ultra-strongly-coupled system, we can still induce a strong classical correlation with the measurement device. Also, we confirmed that, by increasing the coupling strength with the measurement device, the entanglement between the system and measurement device can be generated, and we can realize projective measurements on the ground state of the ultra-strongly-coupled system. In addition, we found that the quantum discord tends to have a finite value at large times in the regime when the dynamics can be described by AC Stark shift. Our results help illuminate the mechanism of how an ultra-strongly coupled system interacts with a measurement device.
